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EFFICINCY

Definition:

Let 6, and 6,” are two unbiased estimator if the variance of 6, <@,” theng,” is called the

efficient estimator as compare to 8,

Then relative efficiency= \%xmo

4,)
Procedure:

Compute the variance of the unbiaesd estimator, which estimator having minimum variance is
called efficient one as compare to other.

a) When estimator are unbiased:

Let 6, and @,” are unbiased estimator of parameter @ .Then 6," is called efficient
estimator of @ if V(6,")<V(6,")

V&) 109

2

Relative efficiency=

b) When estimator is biased:
Or
Biased estimator

In this situation we find the mean square error of these estimators.
MSE (6,") =Var(6,") + (bias(8,"))?

For 2

MSE(0,") =Var(8,") + (bias(8,"))?

MSE which is less then other that is efficient estimator.

MSE(6,")

Relative efficiency= ————
MSE(9, )

Q.1: Show that an estimating average random sampling from a normal population. Sample mean
is more efficient than sample median. Also find their efficiency?

SOLUTION:

As we know

var(X) = 5% var(X) = &2
var(X) = (samplemean) = 5%

And

var( >Z) = (samplemedian) = 7T5%ﬂ
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chz

var()?) = 72n

var(X) =3.14156/)
So
var(X) > var(X)

So sample mean is more efficient than sample median

As

:var()_() _
R.E Aalr(X) x 100

52
E=—2/1 %100
n

1578 /

R.E=63.69%

As sample mean is 63.69% more efficient as compare to sample median
Or

100-63.69=36.69%

Sample median is 36.69% less efficient than sample mean

Q.2: If ‘T ’ is most efficient and “T'”is less efficient estimator with efficiency “E” and if the
correlation coefficient between T and “T'”is “ p considering the estimator “T ” define by

1+ E-2pJE)T"=(1—- pJE)T + (E - pJE)T'
Show that

p=+E

SOLUTION:

Let

1+ E-2pJE)T"=(1— pJE)T + (E - pJE)T'

Apply variance on both sieds

V[(1+E - 2pVE)T"1=V[- pvE)T + (E - pJVE)T]

A+E-2pJE)V(T") =(1- pJE)2V(T) + (E - pJE)2V(T') +2COV[(- pVE)T,(E - pJE)T']

A+ E—-2pJE)V(T") = (1— pVE)?V(T)+(E — pJE)?V(T") + 2(1— pJE), (E — p/E)COV (T, T")

Let

V(T)=V
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As we know that

E="Ur)
E=%w

V() =V

AS we know that correlation coefficient

_cov(,T)
P JVar(T),Var(T")

_cov(r,T)

v.Y
E

COV(T.T) = p—

JE

Now put

a+E—QpJEfVUﬁ:GerEYV+(E—pJEf%ﬁQﬁ—pJEXE—pﬁap)%

(1+E—2pJE)2V(T") =V[(1+ p*E - 2pVE) +(E® + p*E —2pE\/E)é+2(E—p\/E—pEx/E+p2E)LE]

(1+E-2pJE)V(T")=V[(L+ p’E —2pJE) + (E? + p°E —szJE)é+ (2E - 2pE - 20EVE + ZpZE)’O—E]

=
=

N

(L+E-2pVE)V(T") =V[L+ p’E - 2pVE +E + p> = 2pVE +2pVE -2p> - 2pE +2p°VE]

A+ E-2pJE)?V(T") =V[l- p?E —2pVE - p? + E +2p°VE]
A+ E-2pJE)?V(T") =V[1+ E - 2pJE — p’E — p* + 2p°*VE]

1+ E -2pJE)2V(T") =V[I(L+ E - 2pvVE) - p2(L+ E - 2pJE)]
(1+E-2pVE)V(T") =V[(1- p*)1+E -2pVE)]
1+ E-2pVE)V(T") =V[(1- p°)(1+E —2pJE)]

n _V(@1-p?)
v = //é+E—2pJE)

It is given that ‘T’ is more efficient

V() <v(T")

V(i-p®)
Vs A+E—2px/€)

1+E-2pJE) < (1-p?)

A+E-2pJE -1+ p?) <0

Therefore E =+EE
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(E-2pJE +p?)<0
VE-p)* <0

It is always positive so
(VE-p)* =0

Taking square root on both sides
JE—p:O

JE=p

As required result

Q.3: If E, and E, are two efficient of unbiased estimators t, and t,and p
coefficient between t, and t, then show that

JEE, —J(-E)1-E,) <p<,EE, +/0-E)(-E,)

Solution:

Let

E -V &E -V _
V() V(T,)

And suppose ‘v’ be the minimum variance

Then V(T,) :\E/— and V(T,) :I\E/_

1 2

Now consider another estimator which is also unbiased.

is the correlation

T=AT, +A4,T, A +A =1

Applying variance on both sides
V(T)=VAT)+V(T,)+2C0V (AT, 4,T,)
V(T) = AV (T,) + A4,V (T,) +24,2,COV (T,,T,)
As we know that

cov(T,,T,)

YV (M), V(T)

B cov(T,,T,)
v v
E,E,

cov(T,,T,) =p

_v_
E,,E,

Now replacing values
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V » V V
VM) =A>—+4°" —+2A A p—m——
(M=4 E, 2 E, LAp E.E,

As we know variance (V) is minimum

V(T)>V

2 2
2
V[}Ll +Q+M]>V

E E JE.E
[f;—f+ E: jf;LZEp] 1
[E—}E—: j”E“LE”] o
A 2P gy

El E2 E]_: E2

A A 2hAp

[+ 2+ 228> (34 ) 4 240)
E, E, JE.E,
R TR LR RPN
E. E ,/E E, ?
2 2
A _grpte 52 2BhP 55 50
El EZ 1;E2

2, 1 2, 1
A (El—l)+/12 (E—2—1)+212(

~1)4, >0

1 =2

2D+ 2 (e DA + 27 -0 20

1 11 =2 2

Which is quadratic equation for © 4,’

Where 8= (= -1),b =22, (L= -1),c = 1," (=1

1 11 =2 2
The discriminate is

b? —4ac >0 .. Because roots are real

(2, (=2 D14 - 103" (-] 2 0

1 =2

422 (—L —1)24/122(Ei —1)(Ei “1)>0

11 =2 1 2
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( P _1)27(i_1)(i_1)20 4% #0
E11E2 El E2

2
£ 412 £ - CHNNE B S P

E1E2 E1,E2 E1E2 E1 Ez

2

Prpqp 1 11 45
E1E2 El,Ez E1E2 E1 E2

P__p P L (-1+E,+E)=0
ElEZ E1|E2 E1E2

Multiplying by E, E,

p? —2\JE,,E,p+(-1+E, +E,)>0
Which is also a quadratic equation for p
p* —(2JE,E,)p+(E, +E,~1) =0
a=1b=(2E, E,)p.c=(E +E,-1)
_—bxb? —dac

2a

Yo,

_ (2{E,,.E,)+JA(E,E,) - 4(E, + E, - 1)(1)
P= 2(1)

p= (2\/ E17 Ez ) * 2\/(E1E2) _(El + Ez _1)(1)
- 2

. 2A(E.E,) £ (EE,) - (E, +E, -]
2

p=[(E,E,) £J(E,E,)—(E, +E, -1)]

P:(\/E1’E2)i\/E1E2_E1_E2 +1)

p=WELE;) £ JE(E, ~1)-LE, -]

P= (\/Ep Ez)i\/(El -D(E, -1

JELE, —J(E,-1)(E, -1) < p<.JE,,E, +-/(E, —1(E, -1

JE..E, —J-11-E,)-11-E,) < p<JE,,E, + /-1(1-E,) -1(1- E,)

JE.E, —J0-E)1-E,) < p<.E,E, +/L-E)1-E,)

As required result



